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Let D be a Lie derivation on a unital complex Banach algebra A. Then for every primitive ideal P of A, except for a finite set of them which have finite codimension greater than one, there exist a derivation d from ArP to itself and a linear Ž . Ž . Ž . Ž functional on A such that Q D a s d a q P q a for all a g A where Q P P . denotes the quotient map from A onto ArP . Moreover the preceding decomposition holds for all primitive ideals in the case where D is continuous.
INTRODUCTION w x
Martindale obtained in 11 a description of Lie derivations on primitive w x rings containing a nontrivial idempotent. In 4 Bresar determined thě structure of Lie derivations of prime rings which does not satisfy the w x standard polynomial identity S . Banning and Mathieu 2 extend to 4 semiprime rings the description of Lie derivations obtained by Bresar iň the prime case. Ž Roughly speaking, the above mentioned descriptions say that if some . requirements are satisfied a Lie derivation of a ring R has the form ␦ q , where ␦ is an ordinary derivation from R to an enlargement RЈ of R and is an additive map from R to the centre of RЈ. Unfortunately RЈ may be too large. In fact the enlargement RЈ is usually too large to be useful in the study of the analytic properties of Lie derivations on general Banach algebras.
Our purpose is to show the following theorem. 
THEOREM. Let D be a Lie deri¨ation on a unital complex Banach algebra A. Then for e¨ery primiti¨e ideal P of A, except for a finite set of them which ha¨e finite codimension greater than one, there exist a deri¨ation d from

P Moreo¨er the preceding decomposition holds for all primiti¨e ideals in the case where D is continuous.
It is important to note here that the properties of ordinary derivations Ž . Ž on primitive Banach algebras will be almost inherited modulo the centre . and the radical by Lie derivations on unital complex Banach algebras.
It is to be expected that the preceding decomposition holds for all Ž . primitive ideals even for a discontinuous D . Unfortunately we do not know whether or not this property is true. We will show in the third section that there is an intimate connection between the above mentioned decomposition of Lie derivations and a major open problem in the theory of Banach algebras: the noncommutative Singer᎐Wermer conjecture.
In order to prove our main result we are first required to know the structure of the powers of a Lie derivation on a unital complex Banach algebra. We give such a description in the first section and it should be noted that the arguments used in this section are greatly dependent on the w x work of Bresar 4 . The second and third sections are similar in spirit tǒ w x 16 . They were intended as an attempt to investigate the invariance of the primitive ideals under Lie derivations. In Section 2 we use the structure results from the first section in order to study the continuity of the powers of a Lie derivation. In Section 3 we apply the continuity results in order to establish our theorem which is equivalent to an invariance property of primitive ideals under Lie derivations.
Throughout the paper, A stands for a unital complex Banach algebra and D denotes a Lie derivation on A, that is, a linear map from A to Žw 
Ž .Ṗ w x Hence ArP, ArP is contained in the centre of ArP. Since ArP is noncommutative, it may be concluded that s 0.
The important point to note here is that ␦ acts like an ordinary derivation but unfortunately we do not know whether ␦ n satisfies the Leibnitz rule. 
ArP is isomorphic to the matrix algebra M ‫ރ‬ . Ž . all n g ‫,ގ‬ or A is isomorphic to M ‫ރ‬ . 2 In the remainder of this proof we assume that ArP does not satisfy S . 
If i q j s n q 1 and ij / 0, then we have
From this we deduce that
On the other hand it is easy to check that
and, for l s 1, . . . , n,
Ž .
Ž . Consequently, equality 2 becomes
x According to 1 and 3 , we have ⌽ a, a , a g P.
From Lemma 1.1 there exist g ‫,ރ‬ a linear functional on A, and a functional on A such that
for all a g A. We define the linear map ␦ from A to itself by
for all a g A and we define d s Q ␦ . We claim that
We can proceed as in the proof of 4, Theorem 5 . Indeed, for every a g A, we have
for all a g A, which yields
for all a, b g A, where a и b s ab q ba. On the other hand, we have
Ž . From 4 and 5 we deduce that
for all a, b g A. Consequently, there exists a bilinear functional on A = A such that
On the other hand, we have 
CONTINUITY OF LIE DERIVATIONS
We 
Proof. It is well known that, for each n g ‫,ގ‬ ArP is isomorphic to n Ž . the matrix algebra M ‫ރ‬ for some k ) 1. For every n g ‫ގ‬ let u R be k n n n the matrix with y1 in its right upper corner, 1 in its left lower corner, and 0's elsewhere and let¨be the matrix with y1 in its left upper corner, i in n its right upper corner, i in its left lower corner, 1 in its right lower corner, Ž .Ž . and 0's elsewhere. It is easy to check that ad u¨s 2 i¨. For every n n n n g ‫ގ‬ let b , c g A such that b q P s u and c q P s¨. n n n n n n n n w x From 8, Lemma 3.1 we deduce that for every k g ‫ގ‬ there exists w g A such that w q P s u and w q P s 0 q P for j -k.
Let g ‫ރ‬ such that 0 -w -2 . We have ad u ad w q иии q w q P Ž . Ž .
Ž . for k s 1, . . . , n. We consider the polynomial p with coefficients in A given by p s ad u ad w q иии q w q w q P Ž . Ž . Ž .
иии ad w q иии q w q w q P Ž .
s r q r q иии q n r q nq 1 r . 
which coincides with continuous for some n g ‫ގ‬ and therefore so is the operator a ¬ Ž . Ž . d a a иии a x from A to X. We thus get S S d a иии a x s 0.
is a two-sided ideal of ArP and a иии a x / 0, the x F x for all x g ArI. On the other hand, since P ; I we can Ž . define Q from ArP onto ArI by Q a q P s a q I for all a g A and clearly we have Q s QQ .
I P LEMMA 2.6. The set of those primiti¨e ideals P of A for which the condition
fails is finite and each of them has finite codimension greater than one.
Proof. From the preceding lemma we deduce that each primitive ideal P for which the condition fails has finite codimension and obviously ArP is noncommutative which yields dim ArP ) 1. 
which coincides with the continuous linear operator
we deduce that the operator
is continuous for sufficiently large n and therefore so is the operator
Ž . On account of 6, Theorem 2 and Corollary 1 ArP rZ Z ArP is a n n Ž k n . simple Lie algebra and therefore so is ArI . Since Q S S D is a nonzero
Ž . Ž . From the preceding lemma we can derive that S S D ; Z Z A for a Ž w x semisimple A this property was obtained in 3 by using an argument . w Ž . x different from that given next . Indeed, S S D , A ; P for all primitive ideals P of A except possibly finitely many exceptional primitive ideals P , . . . , P which must necessarily have finite codimension. Let I be the 1 n w Ž . x intersection of all the primitive ideals P of A for which S S D , A ; P. If Ž . A is semisimple, then the map a ¬ a q P , . . . , a q P from I to ArP From the continuity of Q T n for all n g ‫ގ‬ we deduce that Ž .
Ž . Ž . 
i q иии qi sn 
Ž . Ž . Ž . Ž . Proof. It is clear that the first assertion implies the second one.
Ž . Ž . Assume that D P ; ‫ރ‬ q P. In order to prove that i holds we need Ž Ž . only consider the case 1 -dim ArP -ϱ Lemma 3.2 shows that i holds . Ž . Ž . Ž . if dim ArP s ϱ . Since Ar ‫ރ‬ q P ( ArP rZ Z ArP , it follows that Ž . Ar ‫ރ‬ q P is a finite-dimensional simple Lie algebra. It is easy to check Ž . Ž . that D 1 g ‫ރ‬ q P and therefore D ‫ރ‬ q P ; ‫ރ‬ q P which shows that D Ž . w x drops to a derivation ⌬ of Ar ‫ރ‬ q P . By 7, Theorem III.6 , ⌬ is an inner derivation and we can argue as at the end of the proof of Lemma 3.3 in order to complete the proof.
w x
In 1955 Singer and Wermer 14 showed that every continuous derivation on a commutative Banach algebra maps into the radical and they conjectured that the condition of continuity was unnecessary. This became known as the Singer᎐Wermer conjecture. This conjecture is now known to w x be true. Thomas 15 proved that the range of every derivation on a commutative Banach algebra is contained in the radical. At the present time the invariance of the primitive ideals under ordinary derivations is known as the noncommutative Singer᎐Wermer conjecture. Despite much concentrated effort it is still not currently known whether or not the noncommutative Singer᎐Wermer conjecture is true. Thomas gave a partial w x Ž w x answer to this question in 16 see also 10 for an account of other . equivalent forms of this conjecture .
One may ask whether there are actually no exceptional primitive ideals for the decomposition of Lie derivations given in our theorem.
Conjecture. For every Lie derivation D on a complex Banach algebra
A and every primitive ideal P of A we have D P , A ; P Ž . Ž Ž . which is easily seen to be equivalent to D P ; ‫ރ‬ q P in the case where . A is unital .
